In this paper, we consider regularity criteria for solutions to the 3D generalized MHD equations with fractional dissipative term −(− ) α u for the velocity field and −(− ) β b for the magnetic field. For the case α = β, it is proved that if the velocity field belongs to L p,q with 2α/p + 3/q 2α − 1 or the gradient of velocity field belongs to L p,q with 2α/p + 3/q 3α − 1 on [0, T ], then the solution remains smooth on [0, T ]. The significance is that there is no restriction on the magnetic field. Moreover, the norms u L p,q and Λ α u L p,q are scaling dimension zero for 2α/p + 3/q = 2α − 1 and 2α/p + 3/q = 3α − 1 respectively. For 1 β α, we find that the minimum sum of α and β to guarantee the global existence of smooth solutions is 5/2. Furthermore, we show that the weak solution actually is strong if the corresponding vorticity field ω = ∇ × u satisfies certain condition in the high vorticity region. © 2006 Elsevier Masson SAS. All rights reserved.
Introduction
In this paper, we consider the following 3D generalized viscous MHD equations where u ∈ R 3 is the velocity field, b ∈ R 3 is the magnetic field, P (x, t) is a scalar pressure, and u 0 (x), b 0 (x) with div u 0 = div b 0 = 0 in the sense of distribution are the initial velocity and magnetic fields. α, β 1 are the parameters, and the operator (− ) γ (γ > 0) is defined by [13] (− ) γ f (ξ) = |ξ | 2γf , wheref denotes the Fourier transform of f . As usual, we write (− ) 1/2 as Λ. This system is of interest for various reasons. For example, it includes some known equations, say Navier-Stokes equation (α = β = 1, b = 0) and standard MHD equations (α = β = 1). Moreover, it has similar scaling properties and energy estimate as the Navier-Stokes and MHD equations. Heuristically, solutions of (1.1) should converge to that of Navier-Stokes and MHD equations as α, β → 1. We believe that the regularity studies of system (1.1) can improve the understanding of the Navier-Stokes and MHD equations.
For this dissipative system, it is easy to prove (see [11] for α = β = 1) that problem (1.1) is local well-posed for any given initial datum u 0 , b 0 ∈ H s (R 3 ), s 3. Moreover, just as what for other mechanical equations, say Navier-Stokes and MHD equations, it is proved by Wu [15] that Eq. (1.1) has a weak solution for any given u 0 , b 0 ∈ L 2 (R 3 ) with div u 0 = div b 0 = 0. But whether the unique local solution can exist globally or the weak solution is regular and unique is an outstanding challenge problem, just as the situation for Navier-Stokes and MHD equations. So a lot of literatures are devoted to find regularity criteria or prove partial regularity for these equations, such as [1] [2] [3] [4] 7, 9, 12, 14, [17] [18] [19] [20] 22] for Navier-Stokes equations, and [5, 10, 16, 21] for MHD equations.
The paper is organized as follows. In Section 2, we impose conditions on the velocity field, and consider 2 cases. One is α = β, the other is α > β. In Section 3, we prove that the weak solution actually is strong if the corresponding vorticity field ω = ∇ × u somehow is Hölder continuous with exponent 
) with div φ = 0, and
(iii) The energy inequality; that is
for 0 t T . Here, the space H s (R 3 ), s ∈ R, consists of functions f satisfying
Remark. The definition of weak solution for (1.1) is similar to that for the Navier-Stokes equations. In [15] , Wu defined the weak solutions without (iii), the energy inequality. However, from the existence proof (by Galerkin method), we can find the existence of weak solutions possessing the energy inequality.
Regularity criteria in terms of the velocity field
The first result is a regularity criterion similar to Serrin's [12] regularity class for the Navier-Stokes equations. To this end, we introduce the space L α,γ
is a solution to (1.1), then (u λ , b λ ) with any λ > 0 is also a solution, where u λ (x, t) = λ 2α−1 u(λx, λ 2α t) and b λ (x, t) = λ 2α−1 b(λx, λ 2α t). Motivated by the work of Caffarelli, Kohn and Nirenberg [4] for the Navier-Stokes equations, we say that the norm u L p,q is scaling dimension zero for 2α/p + 3/q = 2α − 1 in the sense that u λ L p,q = u L p,q holds for all λ > 0 if and only if 2α/p + 3/q = 2α − 1.
The first regularity criterion reads Assume that Theorem 2.1 is true for a moment, just from the energy inequality for the weak solutions, then we have a corollary as follows. Proof. Due to the Gagliardo-Nirenberg inequality, for any weak solution defined by Definition 1.1, we have 
Corollary 2.2. Assume that the initial velocity and magnetic fields
where R i is the Riesz transform, R i g(ξ ) = −i(ξ i /|ξ |)ĝ(ξ ) [13] , and the boundedness of the operator
In order to prove Theorem 2.1, first we show
Multiplying the first equation of (1.1) by u, after integration by parts and by taking the divergence free property into account, we have
Similarly, multiplying the second one by b, we obtain
Combining (2.4) and (2.5) yields
Then we estimate the above terms one by one. First we do the estimates for q < ∞.
where we used the Hölder inequality, Young inequality and Gagliardo-Nirenberg inequality (a combination of the interpolation and Sobolev inequalities) for the fractional Sobolev spaces [13] (see also [8] , p. 89). The constants 1 < s, γ < ∞ and 0 θ, δ 1 satisfy
System (2.8) has 4 unknowns but 3 equations, so there are infinite many solutions. Note that α 
Moreover for any solution to (2.8), we have
Similarly, one can obtain
where s, γ , θ and δ are constants given by (2.9). Putting (2.7) and (2.10) into (2.6), we obtain
Therefore, by applying the standard Gronwall inequality on (2.11), one has
Thanks to the boundedness of u in L p,q -norm, the above inequality implies (2.3) for p < ∞.
If q = ∞, we can use the Hölder, Gagliardo-Nirenberg and Young inequalities to obtain 
Proof. We begin our proof from (2.6).
|I | ∇u
14)
where we used the Gagliardo-Nirenberg and Young inequalities. The constants satisfy
System (2.15) can be solved uniquely as
Consequently, we have
On the other hand, by the Hölder, Gagliardo-Nirenberg and Young inequalities, we obtain
The constants γ, θ and δ satisfy
First, formally system (2.17) can be solved with
, it is obvious that the above solution can be reduced to
, we can define
to get the same solution as (2.18).
Hence in (2.16), the following inequality was used
Thanks to the energy inequality, we have
Combining (2.6), (2.14) and (2.19), we obtain When α = β = 1, Theorem 2.3 still holds under the condition that ∇u ∈ L 1,∞ (see [21] ). In fact, in this case, (2.16) simply reduced to
Remark 2.4. The regularity can be proved under the condition that the velocity field u belongs to
is sufficient small. The proof can be given by the similar argument used in [21] . Theorems 2.1 and 2.3 establish regularity criteria in terms of the velocity field (see also the corresponding results for MHD in [21] ). It seems that the velocity field contributes more than the magnetic field for the effects of regularization. Now we want to investigate the regularity criterion on the parameter α and β for α = β. Our theorem reads Proof. We only need to prove (2.3) under the condition (2.21). From (2.6) with α = β, we do the following estimates. Taking q = 2 in (2.14), the first term I can be bounded as
By the Hölder, Gagliardo-Nirenberg and Young inequalities as well as the energy inequality for the weak solution, we have
The constants satisfy 
Then due to the condition θ 1 /(1 − θ 2 ) 2, we have
Hence the restriction for α is
From the condition 0 θ 1 , θ 2 1, thanks to (2.25), we get 5
Therefore from (2.26), one obtains α f 5 6 − α 3 .
Direct computation yields
Actually, in this case, (2.24) can be solved as
Hence in (2.23), the following Sobolev inequality is used
The proof is complete. 
Regularity criterion in terms of the vorticity field
In the study of fluid mechanics, the vorticity field is always an important and interesting issue. For example, for 3-D Navier-Stokes equations, Constantin and Fefferman [7] proved that if the direction of the vorticity field is somehow Lipschitz continuous in the high vorticity region, then the weak solution actually is a (unique) strong solution. Recently, there are several interesting results [2, 3, 19] which improved the result of Constantin and Fefferman by relaxing the condition on the vorticity field or by combining the regularity conditions on the direction of vorticity field and the vorticity field itself.
In this section, we want to find some sufficient condition imposed on the vorticity field to guarantee the regularity of weak solutions.
Taking curl operator on the system (1.1), one has
where
Our main theorem in this section reads For α = β = 1, we recover the result of He and Xin [10] . Even though, the detailed and crucial estimates established here are different from theirs.
Proof. First let us recall some basic facts as used by Constantin and Fefferman. Thanks to Biot-Savart law (see [6] for example), the velocity and magnetic fields can be expressed in terms of the vorticity and electrical fields respectively, u(x, t) = − 1 4π
The strain matrix S(x, t) in terms of ω(x, t) is given by
where σ (ŷ) = 3ŷ ⊗ŷ − I , with I denoting the identity matrix. From Calderón-Zygmund inequality [13] , we have
for any 1 < p < ∞, where C is a constant depending only on p. Now we need to establish a priori estimates. To this end, multiply the first equation of (3.1) by ω(x, t) and the second by j (x, t) respectively, and take integral on the whole space, then we have
We do estimates one by one as follows. Let K be the number in Theorem 3.1. We split ω(x, t) as
and split S(x, t) as
where the smooth bump function χ(λ) ∈ [0, 1], is identically equal to one for 0 λ 1 and identically equal to zero for λ 2 or λ −1. Hence it is obvious that
for any i = 1, 2 and 1 < p < ∞. Now, I 1 is decomposed into
1 . Now we do the estimates one by one.
where we used (3.3) and (3.5). By using the Hölder, Gagliardo-Nirenberg and Young inequalities and taking the boundedness of ω 1 into account, we have
where we used the following inequality
Therefore the constant C only depends on the given number K.
It follows from the definition of S(x) that
since the mean on the unit sphere of M(ŷ, ·) is zero.
Therefore I
1 can be estimated as
where we used the Hölder, Hardy-Littlewood-Sobolev, Gagliardo-Nirenberg and Young inequalities, where the parameters a, γ , p, θ 1 and θ 2 satisfy
For any solution to the system (3.9), we have
provided that δ = 5 2 − 2α. So consequently, it follows from (3.8) that
The question is that whether (3.9) can be solved. Since there are 5 unknowns and 4 equations, actually there are infinite many solutions. For example, we have the following solutions
Similarly, we split I 2 as
2 .
Just as I (2) 1 , we have
Similar to the estimates for I
where a, γ , p and θ 1 are given by (3.11) .
3 .
I (1)
3 is trivial, I
(
From the expression of ω(x, t), we obtain that
since the mean on the unit sphere of σ (ŷ) is zero.
Similar to I (2) 2 , I (2) 3 can be estimated as
where a, γ and p are given by (3.11) . I 4 can be estimated exactly as I 3 ,
Now we pay our attention to the last term I 5 . First
(1)
5 , (3.17) where the constants a and γ are given by (3.11). The estimate of I (2) 5 is similar to that of I (2) 3 .
(3.18)
5 is the crucial term, but can be treated as
where we used the L ∞ -bounds of ω 1 (t). Combining (3.4), (3.6), (3.7), (3.10) and (3.12)-(3.19), we have 20) Thanks to the Gagliardo-Nirenberg inequality, we have
L 2 , where C is an absolute constant independent of u and t. Similar inequality holds for j (x, t).
By using the interpolation inequality
L 2 , then energy inequality tells us that 
